
1834 IEEE TRANSACTIONS ON ELECTRON DEVICES, VOL. 56, NO. 9, SEPTEMBER 2009

Inductance in One-Dimensional Nanostructures
Toshishige Yamada, Member, IEEE, Francisco R. Madriz, and Cary Y. Yang, Fellow, IEEE

(Invited Paper)

Abstract—The physical origin of kinetic inductance is examined
for 1-D nanostructures, where the Fermi liquid theory prevails.
In order to have appreciable kinetic inductance, ballistic trans-
port must exist, with no inelastic scattering inside the nanowires.
Kinetic inductance is assigned to the nanowire itself and indepen-
dent of its surroundings, whereas magnetic inductance is assigned
to the nanowire and substrate. Kinetic and magnetic inductances
are in series in an equivalent circuit representation. If there are
m transmission modes and n multiwalls in the nanostructure,
kinetic inductance decreases by a factor of 1/(mn). The relation
of the predicted results to preliminary experimental findings is
discussed.

Index Terms—Ballistic transport, Fermi liquid, kinetic induc-
tance, 1-D nanostructures.

I. INTRODUCTION

K INETIC inductance, which is well known in supercon-
ductors [1], [2], has been gathering significant attention

in studies of nanodevices and circuits [3]–[8]. There are nu-
merous reports on it, but many concentrate on the system-level
study, i.e., how nanowire network characteristics are modified
with kinetic inductance. Here, we examine its physical origin
and significance in device/circuit applications. Multiwall 1-D
nanostructures with multiple transmission modes are consid-
ered. While carbon nanotubes are used as examples, results here
can be applied to any 1-D multiwall nanostructures.

The relation between the Coulomb energy q2/C ′ and a quan-
tity EF /λ in the nanowire determines the nature of transport
[9], where q is the unit electronic charge, C ′ is the nanowire
capacitance per unit length, EF is the Fermi level, and λ is
the 1-D electron density. When q2/C ′ � EF /λ, the Fermi
liquid theory (independent electron picture) prevails [10]–[12],
and when q2/C ′ ∼ EF /λ, the Tomonaga–Luttinger theory
(strongly correlated electron picture) prevails [13], [14]. We
will concentrate on the situations where the Fermi liquid theory
prevails. Then, current is carried by individual electrons (quasi-
particles) with spin 1/2 as in bulk semiconductors, and the
signal is transmitted with a speed of Fermi velocity vF .

Fig. 1 shows situations for the nanowire and substrate
through which constant current I flows. The system stores static
magnetic energy and electrostatic energy and also dissipates
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Fig. 1. Nanowire and substrate with current I , where dots represent electrons
and H represents magnetic field. (a) Classical transport with many inelastic
scattering events. (b) Ballistic transport with practically no scattering events.

power. The stored and dissipated energies are related to in-
ductance L, capacitance C, and resistance R, respectively. The
problem is how we classify the total electron kinetic energy Ek.
If transport is scattering based (ohmic) [15], as shown in
Fig. 1(a), then electron kinetic energy will be converted to
Joule’s heat after inelastic collision with the background lattice.
Thus, Ek can be incorporated into R. However, if transport is
ballistic [16]–[19], as shown in Fig. 1(b), there is no Joule heat-
ing inside the nanowire. In this case, resistance is considered
to arise at electrode contacts, where electrons move between a
macroscopic electrode with an infinite number of modes and
a nanowire with a small number of modes. Electron energy
relaxation is considered to occur outside the nanowire, i.e., in
electrodes. Joule heating is absent inside the nanowire, and it is
inappropriate to incorporate Ek into R. Since average electron
velocity is related to current I , it is quite natural to incorporate
it into L. This is the origin of kinetic inductance Lk, and it is
defined by (1/2)LkI2 = Ek.

In studying inductance in nanowires, the following scenarios
are examined: (i) Lk coexists with a magnetic inductance Lm,
as illustrated in Fig. 1(b). The magnetic inductance is defined by
Lm = Φ/I , where Φ is the magnetic flux penetrating through
the plane of the nanowire and substrate. The total energy Esys

added to the system per unit length during Δt to maintain the
current I is expressed by the sum of dissipated energy, stored
magnetic energy, and stored electrostatic energy, i.e.,

Esys =

Δt∫
0

I2R dt +
1
2
LI2 +

1
2
CV 2. (1)

The first term in Esys is due to Joule heating at the electrodes.
Thus, the energy Enw stored inside the ballistic nanowire is

Enw =
1
2
LI2 +

1
2
CV 2. (2)
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The first term in Enw represents the sum of magnetic en-
ergy and kinetic energy Ek. Thus, L = Lm + Lk, or Lm and
Lk must be in series in an equivalent circuit representation.
(ii) Lk does not exist if transport is ohmic with many inelastic
scattering events, as illustrated in Fig. 1(a). The nanowire
resistance is proportional to its length, and Ek must be incor-
porated into nanowire R, and it is redundant to discuss Lk.
(iii) While scenarios (i) and (ii) can be considered mutually
exclusive, this scenario provides a unified description of induc-
tance in nanowires. Lm is assigned to the nanowire–substrate
system. Thus, the same nanowire can have different Lm de-
pending on its surroundings, whereas Lk is assigned to the
nanowire itself along the wire direction as it represents electron
kinetic energy gain during its ballistic transport.

II. KINETIC INDUCTANCE IN SINGLE-WALL

1-D NANOSTRUCTURES

If transport is ballistic, the system resistance Rsys between
two electrodes is given by the Landauer–Bütticker formalism
[16]–[18]. In a nanowire, the current ΔI for applied voltage
ΔV is expressed by

ΔI = qvF ΔN = qvF [nF qΔV ]. (3)

ΔN represents the number of electrons per unit length con-
tributing to transport because of bias ΔV . vF is the electron
Fermi velocity, and nF is the 1-D electronic state density at the
Fermi level EF given by the E–k relation. They are

vF =
1
�

dE

dk

∣∣∣∣
E=EF

(4)

nF =
2

2π

dk

dE

∣∣∣∣
E=EF

=
2

2π

1
�vF

. (5)

Here, � is the reduced Planck’s constant. Thus, the vF nF

product is a constant 1/π�, regardless of the E–k relation. It
should be noted that this relation holds only in 1-D systems,
as is obvious from (5). In fact, in 2-D and 3-D systems, nF is
proportional to kdk/dE and k2dk/dE and vF nF depends on k
and k2, respectively. Considering the spin degeneracy of 2, the
quantum conductance GQ is defined by

ΔI =
2q2

2π�
ΔV ≡ GQΔV. (6)

The existence of such ballistic transport was experimentally
confirmed for a single-wall carbon nanotube by extracting this
GQ value (G−1

Q = 12.9 kΩ) [19]. It must be emphasized that
this observation was made for a micrometer-long nanotube at
room temperature, which is the usual measurement condition.

Now, kinetic energy is increased by Δ2Ek per unit length
due to ΔV compared to that in thermal equilibrium. Inside the
nanowire, the potential energy qΔV at the source with respect
to the drain will fully be converted to kinetic energy in ballistic
transport. On average, the excess electron kinetic energy is

Fig. 2. Energy band diagram for the system “source electrode biased at
0—ballistic nanowire—drain electrode biased at ΔV > 0.” Three electrons a,
b, and c will ballistically run through the wire. At the drain edge, they gain
kinetic energy of qΔV , qΔV/2, and 0, respectively. Thus, the average kinetic
energy gain is qΔV/2.

qΔV/2, and there are ΔN electrons per unit length, as shown
in Fig. 2. Thus, using (5)

Δ2Ek =
qΔV

2
ΔN =

qΔV

2
nF qΔV =

q2

2π�vF
(ΔV )2. (7)

It should be noted that the detailed E–k relation is not needed
here. By using GQ, we can express ΔV by ΔI/GQ, yielding

Δ2Ek =
1
2

q2

π�vF

(
ΔI

GQ

)2

=
1
2

q2

π�vF G2
Q

(ΔI)2 ≡ 1
2
L′

k(ΔI)2. (8)

Thus, kinetic inductance L′
k1 per unit length per mode is

given by

L′
k1 =

q2

π�vF G2
Q

=
π�

vF q2
. (9)

If there are multiple transmission modes m in the nanowire,
then nF is replaced by mnF , or 1/vF is replaced by m/vF in
(7), but GQ is also replaced by mGQ in (8). Accordingly, Δ2Ek

increases by a factor of m, and ΔI2 increases by a factor of m2.
It should be noted that ΔI2 ∝ m2 does not mean L′

km ∝ m2

since kinetic energy increases by m. Thus

L′
km =

q2

π�vF G2
Q

1
m

=
π�

vF q2

1
m

=
L′

k1

m
. (10)

Kinetic inductances given by (9) and (10) are considered to
be approximate. Depending on the detailed model used, final
results may have different numerical factors. For example, the
density of states with m modes has been assumed to be mnF ,
but different values could be obtained by assuming a specific
E–k relation.

By assuming vF ∼ 8 × 105 m/s for a graphene sheet [9], we
estimate that L′

k1 ∼ 16 nH/μm in the 1-D limit, where only
one transmission mode participates in transport. As the number
of modes m increases, kinetic inductance rapidly decreases
as 1/m. Because of this effect, kinetic inductance is signifi-
cantly reduced. For a single-wall nanostructure with m modes,
L′ = L′

m + L′
k1/m.

III. INDUCTANCE IN MULTIWALL 1-D NANOSTRUCTURES

The inductance of a double-walled nanotube in Fig. 3(a) is
first considered. In Section II, we have shown that magnetic
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Fig. 3. (a) Multiwall nanotube and substrate supporting current I . (b) Side
view showing the magnetic field. (c) Multiwall nanotube decomposed into two
nanotubes, where the outer wall conducts ILin/LΣ and the inner wall conducts
ILout/LΣ. (d) Its equivalent circuit with parallel inductances Lin and Lout.

and kinetic inductances are connected in series by L′ = L′
m +

L′
k1/m. Thus, how inductance depends on the number of walls

is the same as traditional magnetic inductance cases. Let us
assume that the inner and outer walls have L′

in and L′
out,

respectively. The magnetic field is created, as shown in
Fig. 3(b), between the nanotube and substrate. When current
I is applied, IL′

in/LΣ flows in the outer wall, and IL′
out/LΣ

flows in the inner wall, where LΣ = L′
in + L′

out. This can
be justified by considering impedance elements of jωL′

in and
jωL′

out and taking the dc limit. The same conclusion can be
reached from free energy considerations. The magnetic energy
Um related to current I is

Um =
1
2
L′

inI2
in +

1
2
L′

outI
2
out (11)

where I = Iin + Iout. For fixed I , Um is minimized when
the fluxes are the same, i.e., L′

inIin = L′
outIout. Therefore,

IL′
in/LΣ flows in the outer wall, and IL′

out/LΣ flows in
the inner wall, which is consistent with the aforementioned
impedance argument. Thus, the situation in Fig. 3(b) can be de-
composed into two independent inductance elements, as shown
in Fig. 3(c), yielding an equivalent circuit, as given in Fig. 3(d).

L′
m for a cylinder–substrate system is evaluated and is given

by [19]

L′
m =

μ

2π
ln

[
2h

d
+

√
4h2

d2
− 1

]
≈ μ

2π
ln

[
4h

d

]
(12)

where h is the distance between the nanotube center and the
substrate, d is the nanotube diameter, and μ is the permeabil-
ity. For h = 10d, L′

m = 0.74 pH/μm; for h = 100d, L′
m =

1.2 pH/μm; and even for h = 1000d, L′
m = 1.7 pH/μm. Thus,

L′
k1 ∼ 16 nH/μm dominates L′

m in ballistic nanostructures, but
if there are many transmission modes, magnetic inductance may
not be negligible.

Fig. 4. Subband formation with bonding and antibonding states for a (k, 0)
zigzag nanotube. From left to right, subbands for a single-hexagon unit cell
with bonding and antibonding levels (left, k = 1), a multiple-hexagon unit
cell (middle, intermediate k), and many hexagon unit cells (right, large k) are
shown, respectively. There are 2k subbands in the (k, 0) nanotube. Regardless
of the number of hexagons in the unit cell, the highest and lowest energy levels
are almost the same.

Generally, if there are n walls in the nanotube, inductance
is reduced by 1/n (assuming inductance values for different
walls are the same). It is interesting to note that a single-wall
nanotube with m different modes can be regarded as a multiwall
nanotube with m walls having a single mode, assuming the
magnetic inductance is negligible in either case. As a result,
if a nanotube has n walls with m modes each, then

L′ =
L′

m + L′
k1

/
m

n
≈

(
0.001

n
+

16
mn

)
[nH/μm]. (13)

We have used the tight-binding theory [21] and estimated m.
A single-wall zigzag (10, 0) semiconducting carbon nanotube
has a diameter of 0.783 nm [22]. This can be regarded as an
extreme 1-D nanotube since the other subbands are separated
from the Fermi level by 1.2 eV, which is about 50 times larger
than the thermal energy at 300 K. The conduction and valence
bandwidths are both 7.5 eV, and there are 20 states or subbands.
This is because a carbon atom provides one state, i.e., one
p-orbital, and there are two carbon atoms in the unit hexagon.
A linear combination of these two p-orbitals forms two states,
namely, bonding and antibonding states. A (10,0) nanotube has
ten hexagons in a unit cell. The unit cell has 20 p-orbitals
and therefore, there should be 20 subbands within the same
bandwidth. In fact, the bandwidth is insensitive to the number of
periods since the top and bottom of the band are related to
antibonding and bonding states, whose energies are determined
by the behavior of two carbon atoms in the hexagon cell [19].
This situation is depicted in Fig. 4. Thus, a single-wall zigzag
(1000, 0) carbon nanotube with a diameter of 78.3 nm has
200 000 states within the same bandwidth.

According to the Fermi liquid theory, only electrons in the
thermal energy window near EF can participate in transport.
A (1000, 0) nanotube has a diameter of 78.3 nm, and for the
thermal energy window of 0.026 eV at 300 K, there would
be 0.026/7.5 × 200 000 = 693 states participating in transport.
A single-wall zigzag (2000, 0) nanotube has a diameter of
157 nm, and for the same thermal energy window, there would
be 1386 states. Thus, m = 693 for a (1000, 0) nanotube
with a diameter of 78.3 nm, and m = 1386 for a (2000, 0)
nanotube with a diameter of 157 nm. Accordingly, a 100-nm-
diameter nanotube has m = 884, and a 150-nm-diameter nano-
tube has m = 1324. Therefore, a 100-nm-diameter single-wall
nanotube has L′ ∼(magnetic) 1 pH/μm+(kinetic) 18 pH/μm.
A 150-nm-diameter single-wall nanotube has L′ ∼ (magnetic)
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Fig. 5. Equivalent circuit to extract Lnw , which is used in [6] for their ac
analysis. In [4], Cnw is absent from the beginning. Enclosed regions with
dashed lines represent the CNF–electrode contacts.

1 pH/μm + (kinetic) 12 pH/μm. These values must be di-
vided by n when the nanotube is multiwalled. For n ∼ 100, a
100-nm-diameter nanotube has L′ ∼(magnetic) 0.01 pH/μm +
(kinetic) 0.18 pH/μm, and a 150-nm-diameter nanotube has
L′ ∼ (magnetic) 0.01 pH/μm + (kinetic) 0.12 pH/μm, respec-
tively. In nanotubes with ohmic transport, kinetic inductance is
absent, and only the first term contributes to L′.

IV. POSSIBLE MEASUREMENT SCHEME

We have previously designed and fabricated a test structure to
study the high-frequency characteristics of 1-D nanostructures
and have reported results for carbon nanofibers (CNFs) [23].
Using the same test structure, it is possible to examine the
extent to which inductance affects the measured S-parameters
for any 1-D systems. Adopting a similar parameter extraction
scheme as in [23], we find that the ground–signal–ground
open test structure (with CNF absent) contains an inductive
component in the signal pads, which is determined to be
1.0 pH/μm. This value turns out to have a negligible effect
on the transmission parameter S21(ω) in the presence of CNF.
With CNF in contact with gold electrodes in the test structure,
S11(ω) and S21(ω) are measured from 1 to 50 GHz for a
1-μm-long CNF with a 150-nm diameter. From these mea-
sured S-parameters, an impedance for the test device can be
extracted.

From the extracted impedance, it would then be possible to
study the behavior using a circuit model such as the model
proposed in [6] and shown in Fig. 5, where all circuit elements
can be frequency dependent. The presence of Cc can easily
be understood since the CNF–electrode contact can be treated
as a capacitor. Unlike other treatments [4], which remove
Cnw at the outset of the analysis, the equivalent circuit in
Fig. 5 is the most complete lumped-parameter description of a
1-D nanostructure. At low frequencies, Lnw is a virtual short,
and the circuit is capacitive. At higher frequencies, where
Rnw and ωLnw are comparable, Lnw is becoming observable.
At very high frequencies, well above the resonant frequency
ωres = [(Cnw + Cc/2)Lnw]−1/2, Lnw is practically open, and
the circuit is again capacitive, but ωres is typically on the
order of terahertz, which is much higher than our measurement
frequencies.

Based on the circuit model in Fig. 5, Rc and Rnw are deter-
mined to be about 5 kΩ, and Cc and Cnw are determined to be
about 0.1 fF. It is also determined that L′

nw, which includes both

magnetic and kinetic inductances, has to satisfy 0 < L′
nw <

∼0.1 nH/μm to reproduce measured S21(ω) data. This suggests
that Lnw does not play a critical role, since in this induc-
tance range, the relation Rnw � ωLnw is easily satisfied up to
50 GHz. Since our CNFs exhibit ohmic transport [24]
and kinetic inductance is absent, we estimate L′

nw ∼ L′
m ∼

1/n pH/μm according to (13). CNFs have a stacked-cup struc-
ture in the interior, surrounded by cylindrical graphene walls
[24]. The number of walls n in the CNFs studied ranges
between 10 and 100, so that L′

nw ∼ 0.01−0.1 pH/μm. Our
estimation of 0 < L′

nw < ∼0.1 nH/μm from experiments is
consistent with this theoretical prediction, but the upper limit
from experiments is still orders of magnitude larger than the
predicted value.

For more accurate extraction of inductance, Rnw ∼ ωLnw

must be satisfied so that ωLnw can have a measurable effect in
the equivalent circuit. This means reducing Rnw by improving
the CNF quality so that near-ballistic transport is achieved and
kinetic inductance is present, and/or increasing measurement
frequency beyond 50 GHz. In fact, in the ballistic limit, a 1-μm
single-wall (n = 1) nanotube with a very small diameter so
that only one mode (m = 1) is relevant to transport, Rnw ∼ 0,
Rc ∼ h/2q2 = 12.9 kΩ, and Lk ∼ 16 nH. Magnetic induc-
tance is negligibly small, and kinetic inductance observation
at frequencies above 100 GHz might be possible. Similarly, a
1-μm multiwall nanotube with a very small diameter (m = 1)
yields Rnw ∼ 0, Rc ∼ 12.9/n kΩ, and Lk ∼ 16/n nH. Thus,
kinetic inductance observation might also be possible. How-
ever, a CNT with a large diameter has many modes (m � 1),
and from (13), Lk becomes negligible compared with Lm.
Then, kinetic inductance extraction might not be easy in
this case.

Differentiation between magnetic and kinetic inductances is
a challenging task, as they are simultaneously present in nano-
structures. Generally, the measured inductance value represents
both contributions, but inductance measurement as a function of
temperature T might be one way to distinguish between them.
Magnetic inductance is determined by how the magnetic field
is created in the system and has nothing to do with transport
inside the nanotube for a given current through it. Thus, it is
largely independent of T . However, kinetic inductance requires
ballistic transport, as discussed in Section I. Generally, if T is
higher, there is more phonon scattering, and transport in a given
material tends to be ohmic. Accordingly, kinetic inductance
would be present at low T but would disappear at high T . At
low T , both magnetic and kinetic inductances contribute, but
at high T , only magnetic inductance contributes, and based on
this, it would be possible to experimentally extract both values.

For high-frequency applications, emphasis will be on near-
ballistic nanotubes. Using a multiwall nanotube or an array of
single-wall nanotubes would allow one to vary the inductance
value using (13) according to the frequency range of interest.
CNF reliability is another important issue in interconnect appli-
cations. We have studied the breakdown of CNFs due to Joule
heating and found that the maximum current density is well
above 106 A/cm2 and is critically dependent on the CNF length
and how the CNF is contacted to the substrate and electrodes
[25]–[27]. The maximum current density is not a material
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constant, but it is determined by how the heat is dissipated in the
system. It is expected that all carbon nanostructures consisting
of C–C covalent bonds are more resistant to electromigration
than conventional metals. Additional consideration of ohmic
versus ballistic transport in the context of length dependence
[15], [28] will be the subject of future studies.

V. CONCLUSION

We have examined the origin of kinetic inductance in
1-D nanostructures, where the Fermi liquid theory applies, and
have estimated kinetic inductance for a nanotube with m modes
and n walls. Nanowires must support ballistic transport to have
appreciable kinetic inductance. There is no kinetic inductance
if transport is ohmic. The estimated combined kinetic and
magnetic inductances are compared with preliminary experi-
mental findings based on results of S-parameter measurements
on CNFs.
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