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Connective Stability of Discontinuous Dynamic
Systems"

D. M. StrraNovie? anp D. D. Siurax?

Comrunicated by M. A. Simaan

Abstract. Connective stability is defined for interconnected systems
under discontinuous structural perturbations. Stability conditions are
established using Lipschitz and C'-type Lyapunov functions. A con-
siderable flexibility of the conditions is achieved by assuming the func-
tions to be parameter dependent. For efficient testing, the obtained
stability conditions are converted to convex optimization problems via
the theory of M-matrices.
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1. Introduction

The concept of connective stability was introduced to study intercon-
nected systems subject to structural perturbations whereby the subsystems
are disconnected and connected again during operation (Refs, 1-2). Inter-
connection matrices having coefficients that depend on time and state were
used to model structural perturbations. While the coefficients were assumed
to be piecewise-continuous in time, they were allowed to be only continuous
in the state, thus ruling out abrupt changes of the system structure that
depend on both time and state.

The objective of this paper is to present new results on the connective
stability of discontinuous interconnected systems using the theory of

The research reported herein was supported in part by DARPA under the Software Enabled
Control Program (AFRL Contract F33615-99-C-3014) and in part by the Nationa] Science
Foundation under Grant EC5-0099469.

szmh‘Associate, Department of Acronautics and Astronautics, Stanford University, Stan-
ford, Califonia.

*B&M Swig Professor, School of Engineering, Santa Clara University, Santa Clara, California.

711
0022-3239/02/1200-071 L /0 © 2002 Plenum Publisking Corporation



{az) D ie—="x 1
(=1) U= tx Nas(fx|D'é

sagienhany o) pae ¢ = () ‘e Suikjsnes
uonoumy zimosdi JemBal ® aq *He X0 W I7 WO

‘(g "124) uonauny Zgosdr JemBal v 51 (x )a uonsunj
AoundedT ay; uaym 9pis puey-)q3u snonunuoosTp 9y} s suonenba [en
-ua1agyip 01 (97 'Joy “#a) warooy Lypqers aoundes prepuess o) Jo uone
-ZIfesauad € 81 Yolys Waloay) Fulmol[o] o) 91E)s 0) AP oIE oM ‘MON

“1e[ndal 318 SUOTIHUNJ WIOU ‘ST Jely) *Z 18
en3ar ale z Jeau Z)1Yssdy] aIe YDA SIONOUNY XAATOD ‘OSTY °Z 1B Je[ndal
I8 Z 1B S[qENULRYIP A[Snonunuos are jem sucusunj iy [z yrewsy

(niz)a=(niz)a
Mila ‘7 [[e JOJ (12) 2 GATIBATIZP [RDONOLIIP 3Y) SIIUPE PUE Z Jesu Ztgosdyiy
81 a jer) poplaoxd z 18 Jemfal 1 4 wonoUNy Syl '¢'7 UOHMPI
(9) {()eadi(n ‘PHixew = (n'z),a
‘usq] °z Ivou ZIMOSAI] 9 4 1] TPy ey
OTY T4
) U/[(M)a - (ny + anye] dng ung = (n42),0
SE POUYOP ST SANEAMIP [RUONOTIP pazijeiouss oy  '7'Z uonmygaq

‘PaUYSP 10U §1 4 JO JUNPEIT ) SISM 019Z INSEA JO 138 Y} §1 7y SIoTM
) o3 (x99 (D (x )| (@) "peaBmg) auos = (x )ap

SE polrgap ST {3 X 3] '@ uonounj
Z)yosdr] £[[200] € 10§ SATIRALISP pezieIoUad SAYIED  F°Z UONMIQ

{S1-¥1 *sJo¥) ewum| & pue suonyugap Bul

-MO{[0] 31} PaaU am ‘uotjouny aoundei zyvyasdry repnday v xepreuos o,
"0 0) 8uojaq yorgm suonduny ‘st yen;
PATIEALIP 151y SNONUNTOS 31 [as suonouny aounded] pue suonduny Aou
-nded] snonunuos Zyosdry semBal :suonsuny sounded] jo sad£y om) asn

1272 00T YIAWADEA € 'ON "SIl "TOA V1Or

IM& 3m ‘WRLIQITInDbS a3y Jo Lpqess ystqeisa o, Jurod wnugqynbs anbrun
9 ST = x 1By} pue ‘f 37 [1e 10} ‘(0 ‘1)[J I3 20 1eY1 sMInssE 3m ‘QI0WISY)IN,]
'x yutod oY) jo (o19z anseawr Jo o8 e uo jdooxs ‘st yeq) pooyroqysmu
sjoysm o) Jsoure sueds ‘x o) Juipuasy ur ‘X Aaym (x ‘1) uonoun] ayy
JO san[eA JIU [[e 3UTUIRIUOD )3 XIAUOD Paso]d Isa[[ews o) 1 (x 7Ly 108
Y1 ‘SpIOM 13110 U "0I3Z 2INSBIW JO {3 198 [ I9AO UOTIOISIANU] 1) $I10UIP
ouc;C PU® ‘AINSO[D XBAUCD SHJOUAP AUOD ‘[[NY XIAUOCO S)OUIP AUOD JIDYM

o=UdH<g

(€) (WB-(@xgnfauos |) ) =GNy

im
@ ‘e NSy ax

UOISR[DUT {ENUISJJTP 21} ? [[€ Jsowle
1oy Buréysyes ox = (U)x yim (O ‘0 {)x Aq pajousp ase aoddiLy Jo ssuss a
u (1) Jo suonnjos snonumued A[2IN[OSQE S (£ oy U g UOIIPUO)) qgwm
axaymaIana 1sowme (N1 = || (x ‘1)) SwiAjsnes (7)r wonouny sjqeUnuUNS B $)SIXS
3131 ‘D S (7 uordaz papunoq pesold KIRINQIE UE 10] JRY) Yons MYXISO
moIdar pasojd 10 uado ur U1 SIOYMATIAS JSOWE PAUYIP UONOUNJ 3 BINSEH
B Sl M XY pur (oo =J 37 oum je aeys gy sty 3()x alagm

D wS=x

uolyenba [2NUaIAJJp 0104 © JAPISIOD SN 13

SWR)SAG dmeuA(] SnonuRuodSK(Y 10§ AHNIqEIS Aoundedy 7

(€1 "Joy) adorkjod xinyew oy Jo 5301434 311 AJUO SA[OADE YDIYMm ‘paye]
-nuwioj are suR[qoid uoneziumdo ysauoo juapuodapur sory) ‘sssodind Fur
-183) 30 "sacuyeur-gy Jo adoijod e st adoydjod xrnem uyeies € J1 Furyooyo
01 paonpar st Foyusay Lpqers pue ‘adoifjod & ur spisas 1 suoneqrnad
umom{un se popreSal oJe saoEW UondANUONU] (£]-7] SJ]9Y) pazl
-on a1e suonoun) juapuadap-sojeurered ‘onssr NOLJIP B SI SWINSAS paooy
-uoarayul ule)Isoun Joj suonouny aoundef] J0I10A J[QEINS Jo 22I0YD Y}
UG "g~L pU ¢ "SJ3Y Ul pasodoid suonouny aounded] repess Jo asn o
MO[[OJ T4 SISAJEUE INQO ‘SUOTdUTY | ) puE suonduny Zygosdry JemIa; suon
-ouny aounded] 103904 Jo $3dK) oM) 1pISUDD [[IM 9 ‘SUONIPUOD An[iqe)s
SATINIUTOD 1) [sHqeIsa o], ([ ‘Joyf) sisk[eue AN[IQEIS 2ANIDELUOD 10) ajdo
-und vostredwos ayy pue o1 “Joy) swolsds pugAy (g ‘1ay) swasks patoal
-UGHINUT SNONUNUOISTP IO] PIUTENKO SINSSI 21} Vo A31 [[im asm “xepnonred
Ul (8—f '99¥y) =pis puey-1yBu snonunuUossip Y suonenbe [EHUIALIP

007 YIIWHDAA € 'ON S11 "10A v1Ofl ZIL



"AYMUTIOISIP JO Saulf ag) 00
SaleALIap 341 Jo uBis oY) Joouo 0] aAey HONIPPE T puk vonaung aoundes ]
YosdlT v an o uagm ased 3Y) 0) pasoddo se “Apnunuco Jo surewop
ay) ut Ajuo oAnjeALISp 3G Jo UBIS oyl Joous ©) padu oM ‘wonoung sound
-BAT | © 95N M USYM ‘SPIOM JOYIO U] “0J3Z UEY) I12)eau] ST SANRALISP UOH
-ounj sounded] o) ‘< z/%x < 'x £q paqLIosap 103098 Y} UT “JBY) 20110U M

L) ‘0#IxIx “Tx 0F18 Ty — e udis lwy = (€

JAIIBALIDP
i1 dunndwos pue Ix + Ix = (x)e wonouny soundes 2 ® Suisn Ag
'stxe 1x o1 o jaed aanisod aq; uo sanisod osfe st yorgm

O gmee @) uBisl - () uds)z = o= 4[(dy + (x ‘Y + Datql

amdmod pue g7 JIEWY 3sn Os[e Ued ap *(¢[) Jo A1nu
-[UOISIP JO Uy 31} UC PTjea JoU I8 ASY) 29WS ‘ploT JOU Op |7 WAI0A ], jO
SUOMIPUOD 3]y *a10jatay |, S1uRwapd sarysod FWurejuos jas B A[IBS[D St yoigm

0 T971= 1T D 1-110) = 2

ureIgo am (g)
Bursn ‘snonunuodsip st (€1) Jo SpIs puey-JyRnr oY) areym ‘sixe x sy} Jo jed
aanisod 91 U0 “19AIMOH 0 # Tx X J0J ST 1BY) ‘AINUNIEOD JO SUTRWOP 31 1

D 0>~ =€ = €0y
usty ‘7x| + |1x| = (x)a uonouny acunded zyyosdry renFsa € as00Y am J|
(agn) “Ex U318 p— = X
(21) txudsg =y

‘(b "JoX) Wa)sAs SNONUNUOISIP B JIPISU0D21 51 J] |7 Spderexy

‘|2 S8 o1 0 sFuofaq wonouny sounded |
31 JT A0 pi[es S JUSWaYRs S} 18Y) 2j0u of Juepodun st ] ‘b Joy 998
(x 7}/ vonpuny 51 Jo ANnunuos Jo surewrop ) W Ao pogsnes s jeq;

(n {ixIPEd-= (x ) f(a)*ped +a
Aypenbaur ayy yum (q11) Anpenboaur sovydas

U 3m 273 ‘wonaunj snonupuod-ssimaand v st (x Y] p7 yaenny

‘o8re] ay ur apqeis Ajjeopoidmise
A[uuojiun s1 0 =x wWniqumba oY) Uayy %" 3¢ 19 st jey; ‘papunogun
Ajjerper are Z¢ pue '¢ sworpuny uosuedwoo ) puR YxJ =0 ‘st

1L 00T JEAWADIA € 'ON 'STI "TOA Y10l

1t “K[reqord proy suondwnsse sy e Jj 2qess Ageonoydwdse L[auofiun
ST =¥ wnuqimba sy ‘ual ] % 24 ‘Td *1¢ owos Jo} pue F(x 1) e 10)

(e N lw a4
{arn) (x|} 9—= (4(a)*pesd +’a) dns
(=11} UxIpze =(x Na= (x| i

sanrjenbaur 311 pue g = (g ‘7)a
Budysmes wonouny 5 ® 8q ‘M MxI:a ] ‘7T WAL

(p "Joy) woj Suimorof sy sey wazoay) LfIqeys aoundei] ai ‘usL
"0 3(x e ST IBY) ‘PANBALISD 1SIY SNONUNUOD B SBY (X ‘) uonaun] Aou
-nde4] o1) 1By} SUINSSE M SIS M WIIOAY) JX3U ) JIPISLOD §11 19] *MON

"PifeA
UIetia) [°7 WRIOSYT, JO sjuamaieis oy} (B ‘unedy ')s1xa jou saop () peid
OOl UG 32BJINS & 10 oul] ® Fuofe of fewr uonnfos o1} UsYM 3583 Y]] JO 2red
saye3 pue ayndmos o) I2ISLS §T HONIPUCD ST ‘(= ¥ IE pajeneaa ¥ 0] poadsar
T SABALISP (U1 313 ST ° =¥ [(dy + (1) g + Natgl pue (x 1) = x = £ a10ym
(o1) qmoe  (xhig-=
0=y + (x 'y + 1)ad@) = B(G)x ‘g

(b 1) Buimorjog a1 £q (qz) Anenbam soepdar ues sm uatp
‘uonounj snonunuos-asmandld e st (x ') uonounj oty | 'z YEway

“Pi[BA UTBIOAI "7 WAI0IY], JO SHUIWDIE]S ()
f1e “uaqy, *(1) "bg 01 100dsar mym saneatsap i s st O((7)x g a1aym
(6) e |xig-= N0 Hag

‘Bumono} ayy £q pooejdas
aq ued (1) vl £)ifenbaul pIyy o) Jey) 230U PINOYS SA,  ‘7°7 NABWRY

‘sire ay1 ur aqeys Aqeonoidudse Apuriojiun st g = x W
-qImbsa a1y ‘= ~57H 1 ‘st 1ey) ‘papunoqun Aeiper axe 2P pue '$ suon
-ouny uostredwiod sy pue ¥ x I =@ ‘st 1ex)) *A[1eqo|8 pjoyg suondwmsse o1y
112 J1 -2[qess Aqpesnojdmése Apurogiun st (1) Jo ¢ = x mwnuqginba ayy ‘soy ],

© .? s_:jk Sy

se paurgap st (x ‘g
UM g 26¢ ‘2 ‘¢ suonouny vospedwoo awos 10§ pue ‘P >(x 7) [[e 10]

007 JHEWAEDAd £ "ON ‘SII "TOA 'VLOr FiL



(€1 1oy ynsa1 Buimopyoy o st sadoykjod

XUJEW 0] UONIPUOD SSIMMOY 3Y) jO UONEZI[RIAUAE y "XINEW-f{ UB 2q 0}

$30LBW-FY Jo Jied Jo LONBUIGUIOS XSAUOD B JO) SUOT)PUOD JUDINS SB (7€
Jo) ue,{ Aq PONPOIIUL 2IOM OUBLIWOP ISTMUUM[OD PUR DSTMMOL S L

‘wajqosd wado ue st ss0yew Jo sdoifjod e 0) suonTpuos MaW)

Jo uonezifeIauad v Inq ‘XHIRU-Zy UR 3q 0] SAONIBW-Z{ OM) JO UOQEBUIGUIOD

¥3AUCD B 10 SHONIPUOD JUSDOING PUE AYEssooou o0} paystqeiss (€ 1oy

UOSIO( PUE UIOH ‘eIousd Ul 8s{e} 3q O) UMOUY SI YOIUA ‘SOLNRW-FY JO

A1rxaAu00 ayyy sannbal aanpslqo sy g, ‘seaew-gy Jo sdojfiod ® aq oy p 10)

4V JO SULI3) W1 SUO)IPUOO JUSIMS juasald o) Juem oA\ "Wy pue ¥ Jo sa3
THea oy aIe | aregm *{, ) }auoo = p adoik[od ¥aAuon v augap sn 127

‘uonnjos aounded] renodelp sanmsod a3 papes

I @ xnew ayj “oNuyap samsod sI p@+q,VY =D XUIBUI a0
g} ons {“p - *ip}Bep = @ yuyew [rooBep aamisod v starayy ()
V<X, 18U Yons (<X 10123 B STIRYL, ()
V< XP JEYI YONS < X 10j03A B SI 10y Y, (1)

:suonIpuod Juafeamba Smmojoy sy Jo
auo sagsmes I )1 [UO pue Jt Vpy s ‘USL YZ3F 19T ‘I'p Wal0a]

'sanuadord xuyew-gy Jo Jaqunu e sapraosd wazosyy Farmolroj oy 7
SE PIAOUIP sjuawiels [euoFeip-Jjo aamsoduon mum (fin) = pr seo1newm Jo jas
A} Yim LIS PUB VB ST SOOMIBUIL-py JO 195 91} 9jouap apy 'ssntadord ri
Jo stwos wonoss suy) up juesard am synsar AN[Iqels aAT0EUUOd mo Furysy
-qeIs2 W (QE-67 "SI0y “5'9) $30IRWI-Y JO 9]0 [BINID I1) JO SNEII

SOUGBIA-PY XA *p

[qeIsun aq 1YIm masks
{les340 oy ‘uonoung soundes T JULIOYJIP € YA AJINUNUO0D JO MBEWOP Yows Ul
PIYSTQRISe ST ANIqEIs AoundeA JIaym W3)S4S SNONUNUOo-asImaoald v sy
am J1 yey (87 “JoY) usouy [fam st )] ‘wopounj soundei] ofFuis ¥ asn am
‘roded a1y InoyBnony) pue ['¢ wotuys( I ‘yey) ajou o3 Juertoduy st )]

' 37 [[e J0] soundei] jo ssuos
34 Ut AGEIS S1 ) J1 3qeIs £[2AT190UU0D ST (G]) WANSAS y  *1°E uopmIRQ

(17 3o} Anpqeis aapodaumoo oidokjod jo uonugsp
MU © A1eIS pue (§1) wa)sks oy g g adoifjod & aewosse am ‘Kem iy of

L1t Z00Z HZAWIIAA ‘€ 'ON ‘511 “"TOA ‘V10r

(€2) {g=a'gsgE:q) =7
SB g 195 ougap 0 peal a1k am ‘MoN {7} =way
‘D<yg SOEBE ¥3)I0A N x N JURSHOD JO [N X2AuU00 ¥ ST Udm

44 {yFlauoo=g

_ (1207 "))
adofjod & wr Sugpisar (%p) = g YINEW UONOAUTOSIAIUI [EIUSIBPUNJ A X A
uB Jo SIUMWIS[S Y} 2I¢ §/3 pur sisqumyu aanedouuou are slg oy orogm

1=f
a2 SH XIS Doy (||x|Deprde m =[J(x Ny

sjuresuos o) Susodun swornoon

~U0Q12)U] JO SZIS ST NN JAYIINJ aM ‘T )38 SYf) sUPap 0 JPIO UL *, HOF

358 ® 01 Sutuofaq (2) = F XINEW UOTSIUTOIINT N X N 3Y) JO SHUSTIS] ai8

puE suonsuny SNONUNUoSIp [e1aust i are < 4 x I 2 soded sig) w ng
1=/

02 (o Diy(x r)s m =(x Dy

7 "J3Y WY SE SUOOIULO0IANUI
ay juasaidal am ‘voneredo Suunp saoFIapun WRISAS 21} JRI (JeIUIpIIOR
10 pemonuelul Iaa) salueys [RINIONNS UAPPNS ) aquIsSp O]

1=
T =u pue (Nx‘ o I)=x
N

1ey) os ‘Furddepsaao jou are sureysAsqns oy L, * I 37 (& JoJ (0 ‘D] ¥ 20
pue (0 ‘NI'F]N >0 rey sumsse apm {N° 1 T1} =N puB ‘wasks o Jo
1521 33 pUe WSISASQNS I S} USIM)S] UOTIOIUTOIISIUT ) ST, M ¢ M X.I 1Y
‘marsAsqns i a3 Jo somweudp oy smasarda) pue g uonipuo) sogsiEs
at) o x I '8 vonouny oy “wiajsAsqns 1y o) Jo Mes ) S Y 'Y sIagm

{61) ‘W3l (ri)i8=x
susAsqns pajdnoosp A7 Jo UONSAUUOIINUL Ue ST YTy
(81) _ ‘N3 D+ xS =iy

W2)SAS 9G] IBPISUOD S0 19] ‘AIIQEIS 2ARIRUTOO LpmIs 0] I8pI0 Uf
‘surajsAs yorduron
Jo suoToouoarl 9y ur Jurpisal AJUTRISOUN [ENIWASSD 2} jo AJIQRls Uo
102532 213 23miden 09 SI9ATIA3QO UTRI S]] "SIEJSAS P2j0AUTONIZUL 10] DAY
1a3q s8Y (LZ7~L] PU® Z- "s]oY) AN[IqeIs aapseuuoo Jo jdaouod oy,

ANNgBIS AAndwe) ¢

007 dTAWIAIAQ '€ "ON 'STT "TOA ‘V1OI o1L



‘F 37 [[€ 10} XIjew-py
ue s| {F)¢ YIIIRW 3 J1 3[qeIs A[PATNSOULOD ST (g]) WRISAS PAIdsUUoAIalal
snonunuoasip sdoidjod a3 Jjo = x wmuqimbe sl °T°¢ wascay

(@p @2 @t
uofizIou HoIjdxX2 Y} 3N [[RYS 3m 1SAINTL Jo S1 F U0 4 jo acuapuadop oy
20UIS ;7 = M, P YEY) UYo0s P 101004 aanisod yuaurafe-£4Q-1U0mwa)e ue si a1
2 103094 2A1Is0d jUslUS[a-AQ-1uawIs]d Aue J0] ‘JI [UO pUER JI XLINBURF{ UR
ST 44 1Y} SuBaty st Y, "sjuswmsfe [euoderp-Jo aarusoduou seq 4 ¥iayew gy,

. ‘ fig_
{1 A"t _nf_

(67) =y g — y

s (") = 4 YInew

189) N X N S1[) 2Uyap pue (7 ‘Jay) ampaocid pIepuels ay) moljoy am
"uotjoun] aounded] 101004 adf1-zygos
-dry e 81 Mate o tla) = g ge paugap st yorga ‘L H < M X 14 nonsumy
101024 3} ‘moN “Tuatpeld pazieiausd sayre)) syuesaidar ({1)x )ap pue

80) T‘H .cﬁwm MJL_ 5 A.e_dam& = €00x )y

aIeyMm ‘3¢ ‘™ g aitd ‘N owos 10] pue M x I UK (X 7) [[e JO]
@QL7) rxpreg—=“rex )y
(e127) 'x{peé = (x ya=(||'x])"¢

sarjifenbau 2y seysnes (x 7)a wonosuny agy yeq)
pue ¢ =(Q‘7)’a ye) annbal am ‘srounagung - 33 x ‘Ix pue I 37 Je 10]

(92) Mx = = || Ux rya - Cx “n'al|

Jel3 yons < 'y IaquMu ¥ ST 21213 ST JBY) ¥ ul uomIpuos zygasdiy

B S3USTIes WONIPPE UI YOIM * *} ¢, X [ :'a uonouny snonunuos zyngasdy
Je[ndal v 21vIO0SSE o WIDISASQNS YOBD )M JEY) SNSSE JEIf €n 19

"SUOTIOUN)

aounded lojoea odA1-zymposdr 1apisuco M aM ‘UOTIAS SIYE I "OS Op O}

[1e] 15110 a1y araya soeds wyeys oy Jo 1red e wi Kuadoad Lyprqers parsap e

SOUTWIIZISP WSYL JO OB Jel[) A8 B UONS UT SUOTOUN] JB[BOS [B1aA3S WINSAS

orwedAp € Yim sajeosse 1daotios sy (Lc—9¢ 'sjoy) swonouny aounded|
I0108a Jo 1ds0U02 S UMM INO PALIIED §1 sESARUR KIIQRIS SANIDULOY)

suonaung soundei| 10103 3dL) -oyppsdyy g

&1L T00Z WHAWHIEA ‘€ 'ON S11 “TOA ‘V.LOf

"€ 1Y Ul UMOys uaaq seq juapuadapur
A[reninm 21 ¢ 0] 7'p SmI0aY ] £q UALS SUONIpUOD A1) 1BY) 198 aq
'(5¢ “1o¥) sanienbaw xinew 1zauy Buiafos Joj swyLod[E JUNOY
Al SIay} ISNBIR( PANIOEINE ST ¢y WAloa] “JOF yey} sadum pogsiyes
are (¢z7) senienbaur yeq) gons (7 Jo s0USISIXS O} IR SNOIAQO ST Iy

spuhsp aanisod ST g — 1oy} s3j0U3p F < P 219y
@sD) ‘0<a
(es?) w3y o<, Fa+a,Gy)
:apqiseay 1 sanifenbaur ¥ijew 1esu)
Jo waysds Fmaofie] s J1 @ uonmnjos sounded T reuoderp sansod uownmos
B SARY P S20LITBUI 2Y) ‘WA W3 [[B 10} "W, F W] Py WRIoay],

(€1 J9¥) waroam Fumo)o)
o) 128 om ‘T'py wazoaq] Jo (m) wonipuod 3uisy) (pr ‘Joy) Jeduepyg pue

Ia81aqsuol £q psonpolul suofduny aounded| snosurjnuns jo jdsouoo
sy £[ddz 01 s1 seounEW-py Jo adojkjod ® se p YSIqEISS 0] LeM IaOUY

‘ssolyew-zy jo adojdjod e s1 p
1ey) sandun g <p (0),p uonipuos aqx, [ =" *3x ;1 AU0 pue ;i g <p (0),¥
1B} UORS (<P I0KRA ¥ SISIXS 3I3Y) 181} smoOfjo} u ‘(p7) wmepqold Furm
-weiJold eaul] sty wolf [a- ¢ LGP = P gons L Y S, P ssouem
paemEne o) SUga WY B 0] ‘W3,F W] €y Wi

"SMO[[OJ 5B §1 (g] 'JoY) Z'p WAIOAL JO UOISIIA ISTMULIN[OD SY

suoreqiniad [gInjons
orpoliad 1opun swiasAs a[eos-a81e] Jo AN[IQRIS SATIIFUTOD JO JXSIUOD YY) U
(£ 'Jo¥) nossnuwisg pue yeding £q pasodoid sem 7'y W0SY], JO BADT OYL
) pug pinoa (porewr xoiduns “§-3) mwexdord 1eaur] e {$7) 01 vonIN|OS B ST
QISTY) JI ‘a10J919Y) {X2AUO0D ST ($7) win[qosd ay) 1Yl 2NON  *['p JTEWIY

T =0 xewn = T oy g1 s90IRW-Jy Jo adoif|od e sty fuayl

(r) =t o=y
(74] ‘wsy ‘0=Xy s
(ep7) Flidy YR

rme[qold Sutunexford resm) Suimo)jo)
o) JapisuoDy ", M3, (FtEx et ‘T fIx) = x J0joaa pajusurdne o) pue
W3 (10 TT) =2 saaym ‘-, p] =, ¥ et yons (L, 43, Y ssolew
paluswEne o) JUGa w3y [e 0] ‘WS, P W1 Tp wlled]

200z AFEWEDIA ‘¢ "ON “SIT "TOA VL0l 8L



@) (x|¢- [ay<pess + so/rag) " "
®L6) YxlDeds ox yas (e

sanienbaut oYy saysues (x 4)'a uonaung ay) yey) pue g = (g ‘1)
Tel) of[e swmsse dp4 -uoroun) 12 B SLUOGAM “TY e, M x I e tonoumy
TE[EIS B NBLO0SSE om ‘wrlshsqns yoes [jm ‘Tey} Jwnsse mou sn 1]

suogoung soundui J0)sa, add 1D 9

"$198 JOAO mnocm?o_au BAJOAL 10U $30p )1 20ms ‘Ayiqeys Furyjooro
10j afqens sxow aq ySnw (gg) Arpenbanr aanemise s ‘umiy pirea
SUTBWIAL 1°C WRIOAL, s1iym aoddiftg Jo asuas 371 ul (g]) Jo suonnjos a Joj

(96) Zupoe (G| =0 Ay + Gyx oy + 1Yatg]
-PRUSIIES ST UoNIpuoo Sumolro) ayy yey) smmsse
3w (qL7) Lnpenbomr jo pesysm ‘MON (x 9y8='A pue (x D =4 auoym
1=1 .
(s¢) Tue  (xfhepy X -
N

[=f
(xledigta T 1y + o=ty + (2yx ‘Y +1aig]s

0=y + (Y 4+ 2)a¥q) = O(yx ‘Ya,q

: 1e1f) moys £pses ueo
am (0g) UT uonBALIID o) pue (p J3¥) aoddiy Smamorjo; £q us1) ‘worjoumy
snonunuoa-astmasard e si (8]) Jo opis puegqdn oYy j  -y's yaewoy

0 (81} was4s snonupuoosip jo 0 =x wnuqimbs sy jo LHyp
“QElS SAIAUUCH 2} SPNOUOD dM 77 Yrewsy 4q prre (pg)-(¢gg) 'shy woa,J

[=}

Obg) Aeho@yo T = Qhefpreg
(@ve) QDo yp ~mw_ua_g__é
(ov0) Wi o@r S = e

I8 SHONYUNJ- %~ 51y 31anMm

¥4 TOOZ YHEAWHDTA £ 'ON *S11 "I0A "V10r

(agg) Turae  (e)e-s60g xya.q
(ece) KD =g x 7 as (e

SARY oM ‘F 37 yoed 10§ Jeq) sofjdun wonouny sy,
(I'¥ waroay 1) 103024 aamsod e st (F)o saasusym (7)p 101094 aamisod v s

31311 181 SMOfoy Tt ‘F 37 Alara 0] YLRUI-J¥ ue ST ()44 2ows ‘moN
@2 =@u @), » pue LY CIeg) - o ragm

(@) Lwoe ()= 90 v 9a,q

133 am (1€)~(0g) Suisny ‘UoRIUNJ Aou
-nde4 ] 101204 51 ;UM X ] :a uonouny pue “(S1 ")) suonoun) Zgasdry
fendai jo uonruiqnos reomy sAneSautou ayuy e 0y eabs S 31 "wonm
“Y3p S) wWoyy oms ‘wonpuny zyyosdry T B S (TN a uonauny oy
VEU) 310U aM, "F 37 o€ 10] Pagstqe)sa 9q 0] Ja4 SEI] 20USISIX3 250YMm plle F
uo spuadap yolym 101004 sanisod & SE{F)P a1oum “(31) woysAs adoifjod sno
“URUOXRIP 2y 10] (7] “Joy) uonoung sounded | ywapuadap-rowmered ¢ su

(1) (*Do(g),p = (7 x Da
uonauny oY) 1apIsuos sn 1o

[=1

(05) Zurae  ([x)Eu g -s

1=f
("D erga m o4 () -

____E_J__« + :dA__H .ww__h =
oty

H/HCx DTy + @)'x Y+ 1y - ((x )y + ¢ 1Y 34 + (1Y% Y + 1)'a) dns wny +
4/TOYx dYa— (( D8y + (1)'x Y + 1)) %ﬁh__ =
H/HGYx sya— (o + (f(x Dy + (x By + (1)x Y + 1)a] %ﬁﬁw: =

ory

H/HOYXTYa~ ((f + 1Yx 4 + 1)) dns wyy =

SSQH Jvi.b«

anduros sm

‘(a1aymAIaas Jsotpe anxy ST SI) 2[qENUAAJIP 0q a1 (()'x 1)'a pue (3)x

alaym Juiod ® )y oregmAIoas Jsowire s)sixa (x “tYa g yeyy pue ; jo uon

~ounj SNonUNUod A[aINfosqe st (GY'r 2ya ey SMOT[O] )t “Topouny snonunuon
Alamjosqe st ((7)'x 1) pue monsmny nyosdry e st ()} dUWG ooy

TOOZ YHEWHDEA € "ON S[1 “T0A ‘Y.LOr 0Z4



‘$'p 01 7'p SWAI0SY L,
BlA sjoo} Sumuuresdold xeauos Fuisn paysa) oq Ued ['9 pue ['¢ SWI0N ]
Jo STONIpUOd XiNeW-zy 1) 181 Mo 0) jueiodun s1 )] '[9 YIwumay

O "B[qEIS A[SATJISUUOD ST (§]) WSS o) Jo g =X E.“__._
-qinba auy ey smojjog ¥ ‘77 watoay], 4q pue (9p)-{py) sby woiyg
‘F 27 Lue 103 anugsp sansod s

(o%) @ma+a@D .y =G0
XLJBW 3Y) 1B} Yons ( XLIEW ¥ S)STXa 5o} 20UIs
(ag¥) YD EC@o D f8z/1) = (x| ¢
(asy) | x|yed(zye _w_ ={{Jx|pe
(esp) A ecye _m._ =(||x|[¢
21 mﬂOﬁQﬂﬁCl\ﬁa u.——w D..—D:}.r
@ axIw  (p)e-sd(o)pes-se/ap) dos
(epp) (D¢ =(g x 9) a=(|x|)d
SILIM TED 3M ‘MON
(£p) DB e D) = DS )Y
‘uayy ‘PPN A[[IO] o€ AT31 ‘4 ¢~ M X I :f eI swnssy (1)
t4))] DAY + Do DI + 1y

‘uay papunoq A[[eso] axe Y M X I 1Y ey sumssy (1)

(L 'JoY) symsa1 om) Fuimolo] 21 pasn am ([#) ssnrfenbam o sousnbos
o up {Ap e ip)Bep = @ 4 f(Ix|D 56 < | XD K] = (x| e osoym
{1y | nga +amy{|'x|DisGz/1)-=

I[=

(D.fi0"3% T el +(Pelpeo-yp X =
i{x ._-u—z__.w._u__ L
M Igbrwld 1=}
(dCaY<perd) dus |p T +
N
(xS N By and

A_x.__u—_”u_g.u_.ﬁ 1=t
(o) pesd +re/lap] dns [P T s

N

£ZL T00Z UIGWLIAT ‘£ 'ON S11 "TOA ‘WLOf

{x [Nyl 2ud

[=} na.._..z_m____.z_ L1
ﬁé&:vﬁm Y E dns +

N
(Nx GYNE]y ana
1= 1=y A_u.___:_“q.gu_k
[toypessp T+ ererr 3 |
N N

(2 ALY + (M )My 284
_H 1=r _u; = 0k lmn Y BTy 314

"y peid’p T +(e/apYp X dns =
M N

(= ._x.t...u._.ﬁwth

=t 1 =] (xR Ty aid
?_a_,?m p X + Go/aeyp L Gus =

N N

()T a4

[4(n)peid +1p/ap) dns

aIndwos am ‘uay], " D Ul OS[E 1 (F X ‘7)4 Jey) smo[[o] ¥ ‘swonouny | jo
uoneuUqWOos Jesuy| 2y e 03 renba st (7 ‘x 9)a (op) ‘b woay 0ug "poysy
~qeIs3 3 01 134 ST (F)p 101004 JO DUSIXA OI) asaym pue * (Vo -~ ‘Tp ‘ig)
=a uonounj sounded] 10josa e S Ly M x4 UONPUN) Y] IIaym

(0r) N p=@ xNa

SE pougap "3 M X J 0 UOTIOUR] Y1 102jas s 127  “Joosd

g 27 1| 10) YiIRUI-py
ue S (LM ¥Inem a1y J1 3[QRIS A[PANI0ONUOD ST (R]) WINSAS pajoauuoniajul
snonmnuossip ordoifjod a1y Jo g =x wnuqymba o] *['9 WAl0Y]

‘wa1oay} Juimorof 2yl aaoxd pue

.n\.ﬂm .___MM.@W|
f#] s
(62) qop  mgmp_q]= ¢
SB (#4) = 4 XINEBIN 150) A X A/ 34} SUYAP am “(8€ "Joy) MBIy Buwmoro] ‘moN
1=/ O D[y g
(86) A" xiD fe 2% T (|I'x|Dji¢ = (4Cay*pesd)  dns
N

SHOMNISUUQIIIL 31) TO SHONoMISa1 Buimolo] 21))

ssoduit am ‘suonouny o Bursn LIIQRIS SANIAULOD YSIQEISS 0) I3pIO UJ
‘uonsunj aoundei] 109294 2d£)
s D est (Mot Tt ta) = a SE POUGSP ST UDIGM © FHi¢— M X I 10 UONOUT] 10}
-0aa o) ‘meBy g i *_goa i Mg awmos 10] pur L3 x I W (x ‘) 18 10]

Z00Z YIAWIDLIA € 'ON ‘S11 "T0A V1O (e



0007 “609—685 "dd ‘op Jou ‘sisd[eny

IBdUNUON ‘Suonoung aoundod juspusdoy-1213DIDF puUp SIOMIDR-PF x50
-u0)y via swarsdg aidoydpog fo dupqois Q@ VTG PUR “}] (] "SIAONYAILS
0007 ‘PTE-L0¢ "dd ¢z (oA ‘susiqg amsdur pue ajalosy] ‘snonunuel) jo
SOMUBUA(] ‘SHONDQINII3] [DJRIONGS Y SWEaISAS Parosunoddiu] dof suonipuc?y
Apprqursuf pup Anpgoig paoN 4 1 STAVINOEAVIE PUE Y 'y SINANALIVIY
0002 ‘pLy—65% "dd ‘p oA ‘sisdieuy perddy

m nqo:qudEEo,u ‘SUODQINNA T uu._suunhm. dapun suatsde pyussafir-048
-Fpuf ap3g 234py g "0y 'HATY] PUE “§ ‘NVEVHVHHING 'S "NVHINYNVHLVE
"0007 ‘$98-6¢8 "dd ‘9¢ ‘oA ‘sonewsiey palddy

reUonBWINUY ‘swisds aansg jo sisdpuy Anpgolg YV Y “ENANALIVIY
‘6661 *F0£—€0¢ dd ‘urmel ‘1sv0) BjRYOY ‘smonesddy jonuo)) uo U]
~1107) [BUOBIINU] T 1 JO sSUIpasao1 ] ‘sampnyg 2pdg 28107 sof joatno)
POZNDLUIINT WDDOL-1no © X CTAVSII] pUv “W ‘vaEd] “ L THSYAVEOY
6661 ‘7618 "dd ‘Cg oA ‘soneamey porddy [RUCHRUINU] ‘ADjRQ ynm s

-84 fo wOnORY IEONILLT tuadyosy Y U ) S THL PUB “Y 'Y “WNANALYVR °

8661 ‘¥Rl

—£Lp1 dd ‘ana1n) ‘seneg ‘swnsdg s[eog ofrey uo mmusodmig yy 4T ap Jo sBm
-padoory ‘Anpqurs aaudaue)) ndoifiod W " “PIAONVLAILS PUE “(] (1 .MSJ_M
L1661 ‘peg-6z¢ "dd “€E “lo *sormenool patddy [suonewu] ‘suonng

~NAf IDINIRAGS aapun SWBISAS apasosnd fo Apjgoig Y Y INANALAVIA
1661 "sasnioEssE “U0}

-sog ‘ssaxd JTRApROY ‘tuwaisd s xapduwion) Jo joaos) pazippauasag v 'l J_E..:m
1661 ‘SpUR|IagIaN 1Y2RIpIO(] ‘SIASHQN] SIwap

“Boy 1omnTy ‘swaisds apawpuon fo sisdouy Anpqois puo suonnung aoundodF
01934 G “WYHVANNSVYAIG PUB “ A ‘AOSOULYI “A ‘WYHLINVAINHSHV]
'SLEI "D0p—68€ “dd ‘I oA

‘esnwmoIny ‘wmngmnby ashpadwen fo Anpgms amoauucy) (" HAVITIG
9661 ‘Ass1af

MAN “leary a[ppes 1ddny [RH-conusly ‘nwudrsdg avatgpuop Y Y CIIIYHY
8661

NIox MIN ‘YI1ox man ‘Teplea-seFuudg ‘Ciosy [ ponus)y puv sisdouy yreows
-HON ‘Y 'd ‘TASNITOM, pue “[ Y ‘NYELg “¢ “nA ‘AGvAaay “{ - ‘THEVIY
€861 oA

MIN ‘JI0Z MON AN ‘SIsAppuy yroowsuop pup uonpzrundo CH C ‘THEVYT)
"L66T “RIEF-09€L dd ‘eniae] ‘oFat( weg ‘[onuoe])

PUE UMISI(T WO U0 AL YIOE o) Jo sBwpanool] ‘sumsysdg amuvudq
adojdpod puw sanappy-p xsaus) (I ‘(1 ‘AVIUG PUR “W (] ‘DIAONY4LLE
‘9861 ‘01511 dd ‘Assisr maN ‘UOIROUN] STA)SAS PUR SIOUMOG WONBWIOJU]
U0 0Basauoy) o) Jo sTupacsol ] ‘suononby a1 spaury do0f spunog ssaupsngoyy
Jo nwwaoidiag 1of poytagy man v 1 "D ‘ODMVIWH(] DUER Y g ‘HSIWAVH
1661 ‘P8¥—08% "dd ‘091 "o ‘suoneanddy pue siiEuy [EdHEWLIBHY jo
[eaInor *auasdg ampag 2307 snonuniuodsyg fo dupgoig sapzaey g ‘NYNY
3661 ‘C0L—869 dd ‘010 'sexymg

‘swNeig a[eag Jfre wo uwmsedwig DI o) Jo sBupaca0l] ‘nuasds o
-Huvud(] PLQAL paryauneoiatuy jo sisdpuy Anjgoig g ‘Nl pur “N 'V “THENN

£TL 7007 WHAWEDHA 't "ON 'S1T "TOA VIOL

e

9T

14

¥

€T

a4
0T

‘61

‘81

Ll

9]

51

A4

£l

Tl

T1

o]

—

1461 *S6—1L "dd T "[op ‘souatag wasdg jo JewInor
[eucneuInu] ‘spunog Liopafody puv ronoyag jussupiy ‘dupqors swapsdg
afpag-adioy snonuptuoasiy Jo sudjouy A\ (1 “9dL¥Og pue “N Y TAHIIW 6
‘b661 “FPIGI-0161 “dd *g€ ‘[OA ‘[ONU0D ONEWOINY UO SUCTORSURL], HAH] ‘fuay
=SAQ yroousuopn fo dioay] dnpgmg noundod “q ‘NBavd pue “g ‘( ‘ZIMAHE '
1861 ‘78-€L "da ‘bE TOA ‘SWIEAS PUE S1TNOIL) UO sUONYesTel] AL ‘si010)
-ndiuppy 1090y JO joaguny A s apquLing 3y o uonoapddy ynw uorsmpour oy
-waffiq s aoddipg Supmduioyy sof snpoppy ¥ V'S UG (ANLSYS pue “F g ‘Naavyd ‘[
"RL61 “BISSVY ‘MO0 ‘(uonmisuel], gstdug) siagsqng N
‘SupIsAS 2aMOnIS qoID | ur uoppddy aay 1 pup sapopy Sutpys “1° A NI g
6961 ‘0S1-G1T "dd *[ "joA ‘suon
~enby [enua Jo Tewmor *suwasds joquoy) iaush w ApHgoIs “Hd ‘NIXOY ¢
T BRG] ‘SNB/NYOEBSSRY ‘u0ISO ‘TIMNTY
‘SIPIC PUDEL-IYENT snomupuoosyg ynm suononby whusiaffiq < vy ‘acddinyg v
‘P61 '1£2-661 "dd ‘Tp "JOA 'sucnEesURI] 4121005 [EONRWIAYRIY URSLIAITY
‘ap1S PUDE-iySry snomiinioosiq Ynm suoponby prwusaffiq g "y 'AoddITly ‘g
"RLET WO MIN ‘NIOK maN ‘PUE|[OH
-YMoN ‘amponig puv diifiqmg waisdg auoudq appag-adaoy “q @ veug g
TLOT
‘€09—/50 'dd ‘'z ‘jop ‘sOnSUINQA)) puR ‘UER ‘SWISAS uo suonosesuel] AT
*SUOHDGINLIF] [DNIINNG dopun swaisdS awag-aBiry fo Appgpig “@ A Vg 1

SR IJIY

‘paindwmon 8q [is uolNjOs B 1EY]
ssuelend A1ooy) Juntresdoad ¥oauod “ajqises) st wojqold o) J1 ‘a10)2191 |,
Kooy Yjew-py oo Buif[21 swopqoid uoneziamido ¥oaauod sg poyemu
-10J 238 SUOIPUOD LIIGEIS RATIONUO,) “SONNBUAp WSASQnS oyl Jo suoleq
-amrad se popiedar F019) TONHIUNOIFU A Jo amianns odoikjod sy o
anp juapuadap Jojouwrered are suotioun] aounded ] 101004 suonduny aound
-24"] 103004 2d41- O pue zygosdiT Yroq Jo suL) Ul SW2ISAS PRIISUUCIIIUT
SNONBHUCOSIP 10] SNOLIPUCD AN[IQE]S SAINIGUN0S PIAYE|NILI0) SABY 9M

SUOISN[Pno)) L

“SUID1SAS
alireu£p snonuUNUoD 10§ SISATEUR 5U) 0} Jerums A1aA aq 0 Jnio SILIN] sisk[eue
oy} ‘ased SOyl UI ‘arojaiaty], AYMONUOD JO SUTBWIOP ofl W AJUOo UOnNSUN)
aoundefT o} Jo 2ATRALISD HOAUD am JI A)IIqE)S JOJ JUIDIJNS ST 1N ‘TONOUN)
snonunues-asimaaard B s1 (g]) Jo opis puey-jqsu o) pue uopouny aound
-84 |0 & 9aeq om waa ‘1aded Sy} U JAIIED PIES IM SV 770 YIeuRy

700Z MAAWIDTC '€ "ON ‘ST "TOA 'VIOI YL



161 '1Ze—60¢ "dd ‘75

‘Toa ‘suonesddy pue sisfjeuy |RonemsyIR JO [ewINO[ ‘susdg pronuudq
aysodwo) fo swalqosy ANpqQDIS ays 0} SaoLuvpL-p fo vonanddy I vy
"T961 ‘0001-266 dd ‘9T "JoA “eYUESIY t YN

-BLuNeW BIRUPEL ‘Uonopy fo dipqois fo dioayf ay up W A *ADSOULVIY
7961 ‘pg—7g dd

‘I oA [onue Jo [Bumor WVIS ‘Suotoung aoundod a0ya4 “¥ ‘NYWTTIg
‘P661

‘emeAldsauag “BdRpeyd ‘WVIS ‘aongy joatuosy puw wageds i satijonbauy
XLIDRY 4D3UT A ‘NYNHSTENVIVY pue “g "NOY¥a] “H 1 ‘INOVHS g ‘arog
"9L61 *80L-50L "dd 17 [op ‘lonuo)

MMRWIOINY UG SUOLIESUel), Y] ‘421aWipd 1pLiau] o sjpupld Neolvauy
-pugy ‘apaury dof saorpmiay ‘' ‘g “HIONVIRG pue “J 'H HAOMIISTHOH
"BLOT ‘EPTI-EE11 dd ‘6 "Top

‘0UMNIE WNSAS JO [RUINOL [BUOTIBUINU] ‘SHOYDGIMLIJ [OIIINLS NPOLIBS M
SwsAQ parasuuoosnuy fo Anpgois sy ug “f ‘NOSSANNAY pue o ‘Lvoung
"L961 “LTI-S01 "dd “JI0X maN YI0X moN ‘ssald JIWSPLOY ‘BUUS 'O

Aq paypd “satmienbauy “saappnpy-py oMf fo wng mp sof sauyonbauy <y ‘Nvq
"1661 ‘wopdury pajup) ‘eFprquie) ‘ssaxg Alsiaa

- afprqure)y ‘gsdpuy xLgppy w sadoy g D ‘NOSNHO{ PUE “¥ “Y ‘NuO]
_ 'Z961 ‘DOP—Z8E dd ‘71 Top

‘[RTIINO[ [EdRWISYIBW UEIYRAQ[SOYIIZ]) ‘S4OHJY AT NSO pup SjuaIarT
ouelni-fio samisod-uony M SO WO “A OIYL] pue “p “MATQEHL]
‘6L6] ‘RIO0K MAN YIOX MIN ‘gsa1q MUTIpeIY ‘20Uz

LI2Q IDRPMURID Y Wl SANORY ua.:m&m::az “f Y ‘SNOWWHTI pue “y 'NVWEEg
"B661 ‘T8P-5Lp dd ‘tp

“[OA '[ONUOT MEBWOINY U SUONIBSURL], U] ‘suaisds prigdfy puv payonms
d0f sj00 SISdIouY 4ayi0) pup SuonOuny noundnd 7 apdupmpy s W ‘AAIINVAG

00T WIGWHDEA ‘€ "ON ST1 "I0A V.LOI

B¢

Ly

o€

13

bt

‘£t

41

1t

0

‘6T

‘8T

9T



